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Abstract

Fractal interpolation functions provide a new method to model experimental data. Dalla

and Drakopoulos got some conditions that a vertical scaling factor must obey to model

effectively an arbitrary function (J. Approx. Theory 101 (1999) 289). In this paper, we present

certain counterexamples to show that the converse does not hold.
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1. Introduction

Let fx0; x1;y; xNg be a partition of I ¼ ½x0; xN � (i.e., x0ox1o?oxN ). Let
f0; f1;y; fN be some given real numbers. For n ¼ 1; 2;y;N; we define an affine map
on as

on

x

y

" #
¼

an 0

cn sn
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; ð1Þ
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where the real numbers an; cn; sn; dn and en are chosen such that jsnjo1 and such that

on

x0

f0

" #
¼

xn�1

fn�1

" #
and on

xN

fN

" #
¼

xn

fn

" #
: ð2Þ

We call such sn vertical scaling factors.
Let K ¼ I � R: We can define a set map W : HðKÞ-HðKÞ as

WðEÞ ¼
[N
n¼1

onðEÞ for all EAHðKÞ; ð3Þ

where HðKÞ is the metric space of all nonempty compact subsets of K with respect to
the Hausdorff distance. It follows as in [1] that there exists a unique attractor
GAHðKÞ: Furthermore, G is the graph of a continuous function f : ½x0; xN �-R

which obeys f ðxiÞ ¼ fi; i ¼ 0; 1;y;N: We call such a function an affine fractal
interpolation function or AFIF for short. In order to determinate the vertical scaling
factors more effectively, Dalla and Drakopoulos got the following theorem and
corollaries.

Theorem 1.1 (Dalla and Drakopoulos [2, Theorem 3]). The graph of an AFIF
remains within a given rectangle R ¼ I � ½a; b� if and only if the vertical scaling factors

sn obey

sminn psnpsmaxn ð4Þ

and jsnjo1; where

smaxn ¼ min
b � fn

b � fN

;
b � fn�1
b � f0

;
a � fn

a � fN

;
a � fn�1
a � f0

� �
;

sminn ¼ max
a � fn�1
b � f0

;
a � fn

b � fN

;
b � fn�1
a � f0

;
b � fn

a � fN

� �
;

for n ¼ 1; 2;y;N: These bounds are the best possible.

Corollary 1.1 (Dalla and Drakopoulos [2, Corollary 1]). The graph of an AFIF
remains within a given rectangle R ¼ I � ½a; b� with f0 ¼ fN if and only if the vertical

scaling factors sn obey

sminn psnpsmaxn

and jsnjo1; where

smaxn ¼ min
b �maxffn�1; fng

b � f0
;
a �maxffn�1; fng

a � f0

� �
;

sminn ¼ max
a �minffn�1; fng

b � f0
;
b �minffn�1; fng

a � f0

� �
;

for n ¼ 1; 2;y;N: These bounds are the best possible.
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Corollary 1.2 (Dalla and Drakopoulos [2, Corollary 2]). The graph of an AFIF
remains within a given strip S ¼ I � ½a;NÞ with f0 ¼ fN if and only if the vertical

scaling factors sn obey

0psnpsmaxn

and jsnjo1; where

smaxn ¼ a �maxffn�1; fng
a � f0

;

for n ¼ 1; 2;y;N: These bounds are the best possible.

However, we will present some counterexamples to show that the theorem and
corollaries are only valid for the one direction.

Remark 1.1. From the proof of Theorem 1.1, we can see that Dalla and
Drakopoulos obtained the following useful result:

Let Mnðx; yÞ ¼ cnx þ sny þ en; n ¼ 1; 2;y;N; then sminn psnpsmaxn if and only if

apMnðx; yÞpb; for all ðx; yÞAR ¼ I � ½a; b�:

2. Counterexamples

Let hf be a function which is linear on each ½xi�1; xi�; i ¼ 1; 2;y;N and

hf ðxiÞ ¼ fi; i ¼ 0; 1;y;N: Let bf be a function which is linear on ½x0; xN � and
bf ðx0Þ ¼ f0; bf ðxNÞ ¼ fN : For n ¼ 1; 2;y;N; we define an affine map o0

n as

o0
n

x

y

" #
¼

LnðxÞ
Fnðx; yÞ

" #
¼

anx þ dn

sny þ hf ðLnðxÞÞ � snbf ðxÞ

" #
: ð5Þ

From [1], we can get the following lemma.

Lemma 2.1. For any ðx; yÞA½x0; xN � � R; on
x

y

� �
¼ o0

n

x

y

� �
; n ¼ 1; 2;y;N:

Let O be the code space fo ¼ ði0; i1;y; ik;yÞ j ikAf0; 1;y;N � 1gg: Define a
shift operator s on O :O-O by so ¼ ði1; i2;yÞ; where o ¼ ði0; i1; i2;yÞ: Define an
operator c :O-½x0; xN � by cðoÞ ¼ xi0 þ

P
N

k¼1fðxik � x0Þ�
Qk�1

l¼0
xilþ1�xil

xN�x0
g; where

o ¼ ði0; i1; i2;yÞ: Then c is continuous and onto. Define soðjÞ ¼ si0þ1si1þ1?sij�1þ1:

Proposition 2.1. Let f be the AFIF determined by (1)–(2), then

f ðcðoÞÞ ¼
XN
j¼1

soðjÞðhf � bf ÞðcðsjoÞÞ þ hf ðcðoÞÞ; oAO:
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Proof. By Lemma 2.1, f is the AFIF determined by (5), thus

ðLnðxÞ;Fnðx; f ðxÞÞÞ ¼ ðLnðxÞ; f ðLnðxÞÞÞ:

Hence,

Fnðx; f ðxÞÞ ¼ f ðLnðxÞÞ:

By (5), we have

f ðxÞ ¼FnðL�1
n ðxÞ; f ðL�1

n ðxÞÞÞ

¼ snf ðL�1
n ðxÞÞ � snbf ðL�1

n ðxÞÞ þ hf ðxÞ: ð6Þ

Let oAO; we can rewrite (6) as

f ðcðoÞÞ ¼ soð1Þf ðcðsoÞÞ � soð1Þbf ðcðsoÞÞ þ hf ðcðoÞÞ:

By induction, we have

f ðcðoÞÞ ¼ soðmÞðf � bf ÞðcðsmoÞÞ

þ
Xm�1

j¼1
soðjÞðhf � bf ÞðcðsjoÞÞ þ hf ðcðoÞÞ: ð7Þ

Let m-N; we can get the proposition since jsijo1 for all i: &

This proposition is a generalization of Theorem 1 in [3] which is the base of an
algorithm given by Ruan and Sha to solve the inverse problem of FIF.

Example 2.1. Let I ¼ ½0; 1�; a ¼ �1; b ¼ 1 and let fð0; 0Þ; ð0:5; 0:8Þ; ð1; 0Þg be a given
set of data. Let s1 ¼ 0:5; s2 ¼ 0: Then we have the following

Proposition 2.2. Let f be the AFIF in Example 2.1. Then for any nAN; f ðxÞ is linear

on ½1=2n; 1=2n�1�:

Proof. Let On ¼ fo ¼ ði0; i1; i2;yÞ j ij ¼ 0 for jon � 1; in�1 ¼ 1g be a subset of O:
Then for each xA½1=2n; 1=2n�1�; there exists oAOn such that x ¼ cðoÞ:
Let o ¼ ði0; i1; i2;yÞAOn; then in�1 ¼ 1:Hence sin�1þ1 ¼ 0 and soðnÞ ¼ 0: From (7),

we have

f ðcðoÞÞ ¼
Xn�1
j¼1

soðjÞðhf � bf ÞðcðsjoÞÞ þ hf ðcðoÞÞ:

H.-J. Ruan et al. / Journal of Approximation Theory 122 (2003) 121–128124



Hence, when x is restricted on ½1=2n; 1=2n�1�; it follows that

f ðxÞ ¼
Xn�1
j¼1

s
j
1ðhf � bf ÞðL�1

ij�1þ13L
�1
ij�2þ13?3L�1

i0þ1ðxÞÞ þ hf ðxÞ

¼
Xn�1
j¼1

s
j
1ðhf � bf ÞðL�j

1 ðxÞÞ þ hf ðxÞ ð8Þ

is a linear function. &

Thus, we can get

Proposition 2.3. Let f be the AFIF in Example 2.1, then maxxA½0;1� f ðxÞ ¼ 0:8:

Proof. For any nAN; let on ¼ ði0; i1; i2;yÞAO satisfying in�1 ¼ 1 and ij ¼ 0

if jan � 1: From the definition of c; we have 1=2n ¼ cðonÞ: Since f0 ¼ f2 ¼ 0;
bf ðxÞ ¼ 0 for xA½0; 1�: By (8),

f ð1=2nÞ ¼
Xn�1
j¼1

1

2j
hf ðL�j

1 ð1=2nÞÞ þ hf ð1=2nÞ

¼
Xn�1
j¼0

1

2j
hf ð1=2n�jÞ ¼

Xn�1
j¼0

1

2j

1

2n�j�1 f1 ¼
n

2n�1 f1:

Since

f ð1=2nÞ=f ð1=2nþ1Þ ¼ 2n=ðn þ 1ÞX1 for any nAN;

we can see that f ð1=2Þ ¼ f1 ¼ maxnAN f ð1=2nÞ:
By Proposition 2.2 and f is continuous, we have

max
xA½0;1�

f ðxÞ ¼ max max
nAN

f ð1=2nÞ; f ð1Þ
� �

¼ maxff ð1=2Þ; f ð1Þg ¼ 0:8:

Thus we complete the proof. &

By Proposition 2.1, we can easily see that f ðxÞX0 for all xA½0; 1�: Therefore, from
Proposition 2.3, the graph of the AFIF in Example 2.1 remains within R ¼
I � ½a; b� ¼ ½0; 1� � ½�1; 1�: However, from Theorem 1.1, the graph remains within
the rectangle only if

s1pmin
b � f1

b � f2
;
b � f0

b � f0
;
a � f1

a � f2
;
a � f0

a � f0

� �
¼ 0:2:

Thus Theorem 1.1 is valid only for the one direction.
Since f0 ¼ f2; we can see Example 2.1 is also a counterexample of Corollary 1.1.
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Define Mnðx; yÞ ¼ cnx þ sny þ en: Let P1 ¼ ðx0; aÞ;P2 ¼ ðx0; bÞ;P3 ¼ ðxN ; aÞ;
P4 ¼ ðxN ; bÞ: From the proof of Theorem 1.1, we can see that Dalla and
Drakopoulos used the following result:

ðaÞ GCR 3 ðbÞ apMnðPiÞpb; i ¼ 1; 2; 3; 4; n ¼ 1; 2;y;N;

where G is the graph of the AFIF and R ¼ ½x0; xN � � ½a; b�: Since (b) is equivalent to
conditions (4), Dalla and Drakopoulos obtained Theorem 1.1.
It is clear that ðbÞ ) ðaÞ is true. From (1) and (2), we have

an ¼ xn � xn�1
xN � x0

; cn ¼ fn � fn�1
xN � x0

� sn

fN � f0

xN � x0
;

dn ¼ xNxn�1 � x0xn

xN � x0
; en ¼ xNfn�1 � x0fn

xN � x0
� sn

xNf0 � x0fN

xN � x0
;

for n ¼ 1; 2;y;N: Thus in Example 2.1,

a1 ¼ a2 ¼ 0:5; d1 ¼ 0; d2 ¼ 0:5; c1 ¼ 0:8; c2 ¼ �0:8; e1 ¼ 0; e2 ¼ 0:8:

Hence, M1ðxN ; bÞ ¼ M1ð1; 1Þ ¼ 0:8þ 0:5 ¼ 1:341 ¼ b: That is, condition (b) does
not hold. From our above discussion, we have showed that G remains in R; i.e.,
condition (a) does hold. Thus ðaÞ ) ðbÞ is not true.
Fig. 1 displays the graphs of W iðRÞ; i ¼ 1; 2; 3 and the graph of the AFIF in

Example 2.1.
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Fig. 1. (a) The graph of WðRÞ; (b) the graph of W 2ðRÞ; (c) the graph of W 3ðRÞ; (d) the AFIF in

Example 2.1.
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Example 2.2. Let I ¼ ½0; 1� and let fð0; 0Þ; ð0:5; 0:8Þ; ð1; 0Þg be a given set of data.
Let s1 ¼ �0:5; s2 ¼ 0: Using the same method as Example 2.1, we can see
that the maximum value and the minimum value of the AFIF are 0.8 and
0, respectively. Thus, the graph of the AFIF remains within the strip K ¼
I � ½�1;NÞ: However, from Corollary 1.2, the graph remains within the strip
only if s1X0: This contradiction shows that Corollary 1.2 is valid only for the one
direction.

Fig. 2 displays the graph of the AFIF in Example 2.2.

3. Further remarks

In Section 2, we present some examples which satisfy

WðRÞgR and GCR;

where R ¼ I � ½a; b� is a given rectangle and G is the graph of an AFIF. We can

easily see that W iðRÞCR for some iAN in these examples. Thus, the following
question arise naturally:

Question 1. Do there exist an AFIF and a given rectangle R which satisfy the
following (c) and (d)?

(c) W iðRÞgR; for any iAN;
(d) GCR:

In [4], the authors give a positive answer to this question and present some other
new results. However, the following question still remains open:

Question 2. Which are sufficient and necessary conditions for si; 1pipN; to assure
that the graph of an AFIF remains within a given rectangle R ¼ I � ½a; b�:
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Fig. 2. The AFIF in Example 2.2.
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